An analysis of the dynamic dielectric and electro-optic relaxation response of thin film ferroelectrics is presented. The analysis is based upon the relaxation of ferroelectric domains with a continuous distribution of sizes given by percolation theory. The resulting temporal response is described by the expression Φ(t) ∝ t -m exp(-(t / τ) β ). The analysis was applied to KNbO 3 thin films.
I. INTRODUCTION
The dynamic response of the dielectric and non-linear optical properties of ferroelectrics is of fundamental interest for elucidating the microscopic mechanisms of the ferroelectric (FE) state.
Both of these properties are influenced by the domain structure, which is in turn dependent on the microstructure. In thin film FEs the second harmonic generation (SHG) 1 and electro-optic (EO) 2 coefficients are typically an order of magnitude lower than in bulk materials. The reduction is attributed to the presence of a complex domain structure. 1, 2 Upon application of an electric field these domains align, leading to an increase in the non-linear optical susceptibilities. [1] [2] [3] [4] This poling process has been observed to occur on time scales ranging from 1 to 1000 s for SHG, 1 spontaneous birefringence, 5 and the EO effect. 2 Moreover, the alignment process in thin films, in contrast to single crystal FEs, has been observed to be completely reversible 1 upon removal of the poling field. [2] [3] [4] The competition of electrostatic and elastic interactions between domains is believed to be the source of the reversibility of the poling process. 1, 4, 6 Recently we have examined the influence of domain dynamics on the transient response of the non-linear optical properties of FE thin films on time scales from 6 ns to 100 ms. 3, 7 The transient response of the EO effect follows a power law, ~ t -m . This dependence was tentatively attributed to the relaxation of ferroelectric domains.
A similar power law time response has been observed for the dielectric properties of thin film FEs. 8, 9 The time response of the relaxation current responsible for the dielectric loss has been observed to follow a power law time response, t -m , or frequency response, ω m-1 , with 0 < m < 1.
The power law dependence of the relaxation current has been observed to extend over 12 orders of magnitude in frequency. 9 The physical origin of the power law relaxation in thin film FEs is not understood, although processes involving FE domains are believed to play an important role. 10 To explain the dielectric relaxation or switching current of ferroelectrics, a model based on the nucleation and growth of FE domains under an applied electric field has been previously developed. 11 The model assumes: (1) a random distribution of pre-existing, aligned domains with a uniform radius, R C ; (2) a constant nucleation rate of aligned domains with a radius R C ; (3) the growth of the domain boundary proceeds at a constant velocity and can be categorized as 1-, 2-, or 3-dimensional; and (4) no cooperative interaction between domains. The model predicts a stretched exponential growth of the volume fraction of the aligned domains, 1 -exp(-(t/τ)
, where t is the time, and β and τ are constants. The value of β depends on the dimensionality of the domain growth and can take on integer values of 1, 2, or 3. The expression describes experimental switching current data in many cases, although non-integer values of β are often required. 11, 12 For t << τ, the stretched exponential reduces to a power law, (t/τ) β . However, the theory cannot account for the fractional values of β typically observed. 11, 12 Thus to describe such cases a different explanation of the power law response must be found.
While the previous model assumes pre-existing domains of uniform radius, the domain structure in thin films is very different. In contrast to the large sizes and regular shapes of bulk FE domains, irregularly shaped, nano-scale domains with a distribution of sizes have been observed in thin films. 1, 10, 13, 14 The EO response of these domains to microwaves (2-4 GHz) has been studied. 10, 14 Measurements indicate the switching process of the nanodomains take place over very short time scales. 12 To fill in the gap between experiment and existing theory we have developed a model for the dynamic dielectric and EO response in thin film FEs that takes into account the distribution of domain sizes observed in thin film systems. The model predicts a temporal response that is described by the expression
. The model is compared to transient measurements of the EO coefficient, the polarization, and the dielectric constant of epitaxial KNbO 3 thin films. These measurements support the proposed model in that the temporal response of all three properties agrees with the predicted response over time scales ranging from ≤ 6 ns to 1 0 3 s.
II. THEORETICAL ANALYSIS
The proposed model describes the dynamic response in terms of a distribution of relaxation times, 15 in contrast to a "normal" FE system where the response is described by a single relaxation time. Since the relaxation rate depends on domain size, the broadened response occurs as a result of the distribution of domain sizes observed in the thin films. 16 The relaxation function, Φ(t), for the system consisting of Ω dynamically correlated domains is assumed to be of the form: 15
where t is the time, and φ(V i ) is the magnitude of the response for a domain with volume V i and relaxation time τ i . For FE materials, it has been previously proposed that the relaxation time, τ i , is directly proportional to the domain volume, V i : 10,12,14,16-18
where B is a constant. 15 This expression accounts for the coupling between FE domains through electrostatic and mechanical interactions. 19 For the EO effect the response, φ(V i ), is proportional to the cross-sectional area of the domain multiplied by the path length, 1,2 or equivalently the volume. Hence:
where the constant φ' represents the response of each domain per unit volume, ie. the spontaneous birefringence, polarization, or EO coefficient.
For a continuous distribution of domain sizes, the summation may be approximated by an
integral by introducing a domain volume distribution, N(V). It is supposed 20 that the form of N(V)
is given by percolation theory, which is often used to characterize quenched systems with local disorder 21, 22 and has been used to model the relaxation of dielectrics. 15 For a percolative distribution of FE domain volumes: 21
where N o is a normalization constant and γ is a critical exponent related to the fractal dimension, D F , of the FE domains given by: 21
where The distribution given in Eq. (4) is restricted to a finite range of domain sizes. 21 For a continuous distribution of domain sizes between the limits V max (the volume of the largest domain)
and V min (the volume of the smallest domains) the relaxation function is given by:
Upon substitution of Eq. (4) for
Solving the integral: 26 
For a constant 0 < γ-2 < 0.5, the function Γ( γ-2, t B/V max ) is well approximated by a stretched exponential with 0 < β < 1, and Φ(t) is approximately:
For the short-time limit t << V max /B (the relaxation time of the largest domains), the relaxation is given by:
where m = γ -2. The relaxation follows a power law dependence with a fractional exponent, m.
Moreover, m is directly related to the distribution of domain sizes given by the critical exponent, γ.
III. EXPERIMENTAL PROCEDURE
To verify the model, the dynamic response of the dielectric susceptibility, polarization, and birefringence of epitaxial KNbO 3 was measured. Epitaxial films of KNbO 3 for this study were prepared by low-pressure metal-organic chemical vapor deposition (MOCVD) on spinel (100) substrates.
The growth procedure and structural characterization have been detailed elsewhere. 27, 28 The films are epitaxial as determined by x-ray diffraction and transmission electron microscopy; however, they are multi-domain. 28, 29 Film thicknesses ranged from 100 to 400 nm;
however, no dependence of the measured transient properties on film thickness was observed. The index of refraction ranged from 2.26 to 2.30, which is comparable to the bulk. 30 For EO and dielectric measurements, the samples were patterned with Au/Cr, coplanar surface-electrodes separated by a 5 µm gap. The EO effect was measured as a He-Ne laser beam passed through the electrode gap, normal to the film surface. The apparatus used for determination of the EO coefficient and measurement of the transient response has been described thoroughly elsewhere. 3, 7 Polarization measurements were carried out on a Radiant Technologies 6000S FE test system. 3 Dielectric measurements were performed on an HP4192A impedance analyzer. 8
IV. EXPERIMENTAL RESULTS
The time dependent EO measurements are shown in figure 1 . The increase in birefringence, δ(∆n), measured during the application of the 1 µs electric field pulse of 4 MV/m results from domain alignment (inset of figure 1 ). Upon removal of the field, the domains relax back to their initial configuration over times much longer than the original pulse duration. For each of the films measured, the relaxation response followed a power law of the same form as Eq. (12) The dynamic response of the polarization, δP, for these KNbO 3 films is shown in fig. 2 .
The increase in the polarization, during application of the 1 MV/m, 30 ms electric field pulse, is also due to alignment of domains (inset of fig. 2 ). After the bias pulse is removed the polarization decays according to a power law. This behavior spanned the resolution limit of the measurement system, from ~1 ms to 0.6 s. For each of the films measured, the power law exponent for the polarization, m P , was between 0.2 and 0.001. The wide range of m p is attributed to its dependence on the applied pulse duration (1 to 100 ms) and magnitude (0.5 to 2 MV/m), as will be discussed below.
To assess the long-time response of the system, the dielectric response, δε, of the films was also measured as a function of time before, during, and after an applied field of 4 MV/m for 100 s (inset, figure 3 ). The time dependent behavior of the dielectric relaxation is shown in figure 3 .
The response is similar to that observed by Sommer and Kleeman in KTa x Nb 1-x O 3 . 6 For times less than 3 s the relaxation follows a power law with m ε ≤ 0.1. For longer times the dielectric response is best described by a modified stretched exponential 15 of the form:
where ε(0) is the dielectric constant measured immediately after removal of the bias pulse of 100 s, τ is the time constant, and β is the power of the stretched exponential. The solid line in figure 3 is a fit to this equation with τ ≈ 96 s and β ≈ 0.34. The time constant for these films was independent of the applied field duration for pulses from 10 to 1000 s, and τ ranged from 10 s to 100 s.
V. ANALYSIS AND DISCUSSION
The results of the transient experiments show a relaxation response consistent with Eq. 22, 23, 25 and ferromagnetic films. 31, 32 The m values are also comparable to exponents describing the temporal evolution of the domain structure in other FEs. 18, 33, 34 The longest time over which the power law relaxation holds, ~1 s, corresponds to the limit imposed by the largest domains. Consistent with Eq. (11) 
VI. CONCLUSION
In conclusion, the dynamic response of the EO effect in thin film ferroelectrics has been analyzed for a continuous distribution of FE domain sizes. The analysis indicates the dynamic response is described by the expression Φ(t) ∝ t -m exp(-(t/τ) β ) which in the short-time limit reduces to a power law with a fractional exponent. This expression provides an excellent fit for the measured relaxation response of the birefringence, polarization, and dielectric constant for epitaxial KNbO 3 thin films on time scales ranging over 11 orders of magnitude, from 6 ns to 1000 s. 
